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Definition of Uncertainty Quantification (UQ)

Let f € L2(RY) be a computationally expensive model with

f: RY - R
x = f(x).
Let x = (x1, X2, ..., X4) be an input with uncertainty Ax.

Uncertainty in f(x)?
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Definition of Uncertainty Quantification (UQ)

Let f € L2(RY) be a computationally expensive model with

f: RY - R
x = f(x).
Let x = (x1, X2, ..., X4) be an input with uncertainty Ax.

Uncertainty in f(x)?

Model input as random variable X ~ N(x,X), with & € RYx9:

Goal: estimate mean and variance of output, with small computational effort:

f(x)=pto.
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Motivation for high-dimensional UQ: SNF Characterisation

Nuclear codes are used to simulate and characterise spent nuclear fuel:

0 Decay Heat
P4 P4 .
seee Isotopic Content
“x f : Nuclear Data — . .p .
— Criticality
NN(X’Z)7 etc...

with xeR10*

2D profile of spent nuclear fuel.
Red indicates U%® concentration.

Accurate UQ reduces risks and costs during:

= AP

Transport Storage Disposal
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Simple Monte Carlo UQ

1. Sample inputs Compute sar.nple
Xy Xy ~ N (X, 2) mean and. variance

DH = 5245.79 + 194.15

Run £(X;)
N times

4750 5000 5250 5500 5750
Decay Heat at 1.5 years of cooling [W/t]

2. Compute sample mean and variance

N N N )
= ), = g D e -2
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Simple Monte Carlo UQ

1. Sample inputs Compute sar.nple
Xy Xy ~ N (X, 2) mean and. variance

DH = 5245.79 + 194.15

Run £(X;)
N times

‘J 4750 5000 5250 5500 5750

Decay Heat at 1.5 years of cooling [W/t]

2. Compute sample mean and variance

=2

N

N .
b= > ), o= S [ ey - 30 T
i=1

N-1 i=1 j=1
Simple MC is [Unbiased!, but [SIoW

o . _ Var[f]

Nhjlo un = E[f], since MSE (,uN - E[f]) =N

lim o2 = Var[f], since MSE (02 — Var[f]) s ma[f] — uVar2[f] .
N—oo M ’ N N N-1
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Simple Monte Carlo UQ

1. Sample inputs Compute sar.nple
Xy Xy ~ N (X, 2) mean and. variance

DH = 5245.79 + 194.15

Run £(X;)
N times

M 4750 5000 5250 5500 5750

Decay Heat at 1.5 years of cooling [W/t]

2. Compute sample mean and variance

=2

N

N .
b= > ), o= S [ ey - 30 T
i=1

N-1 i=1 j=1
Simple MC is [Unbiased!, but [SIoW

o . _ Var[f]

Nhjlo un = E[f], since MSE (,uN - E[f]) =N

lim o2 = Var[f], since MSE (02 — Var[f]) s ma[f] — uVar2[f] .
N—oo M ’ N N N-1

E.g. for SNF, ~ 1000 simulations of 3 hours each are required for a 1% error!
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UQ with Surrogate Models

A more modern approach: Surrogate models (e.g. PCE [Frey and Adelmann, 2021],
NNs [Solans et al., 2021]):

1.

2.
3.

Gather a training set x1, f(x1), X2, f(x2), ..., Xn,,, f(Xpn,, )

Train a surrogate model f ~ f, that is fast to evaluate.

Run surrogate M times to obtain samples f(z1), f(z2), ..., f(zpm), with
Z ~N(x,X).
2

Compute sample mean iy and variance oy,
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UQ with Surrogate Models
A more modern approach: Surrogate models (e.g. PCE [Frey and Adelmann, 2021],
NNs [Solans et al., 2021]):
1. Gather a training set x1, f(x1), x2,f(x2), ..., Xn,,, f(Xn, )-
2. Train a surrogate model f ~ f, that is fast to evaluate.

3. Run surrogate M times to obtain samples f(z1), f(z2), ..., f(zm), with
Z ~N(x,X).
2

4. Compute sample mean iy and variance 7,.

— Training F_ at least Ny > d (generally much more,

curse of dimensionality) (e.g. nuclear data has d > 10%).

— Estimates are - since

MSE (ﬁ,\,, —E[f] ver m

[
e (5, o) = (vt )+ (i~ 29 )
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Lasso Monte Carlo

Lasso Monte Carlo (LMC) is a new technique that combines two existing
methods:

“Two-level estimators”, based on Multilevel Monte Carlo (MLMC)
[Giles, 2008]

— Lasso regression [Tibshirani, 1996]
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Two-level MC

Let

— f be the true, expensive model, that we evaluate N times:
ir(X].)7 f(Xz)7 ceey f(XN).

- fa cheap,ﬁibiase(i, surrogate model, thj\t we Svaluate N + M times, with
M > N: f(x1),f(x2),..., f(xn), and f(z1),f(22),...,f(zpm)-

Arnau Alba, R. Boiger, D. Rochman, A. Adelmann (LSM, PSI) LMC for High Dimensional UQ SIAM CSE 23, 27th February 2023 8/17



PAUL SCHERRER INSTITUT

Two-level MC

Let

— f be the true, expensive model, that we evaluate N times:
f(Xl) f(XQ) f(XN).

- fa cheap, biased, surrogate model, that we evaluate N + M times, with
M >> N: f(x1), f(x2),..., f(xn), and f(z1), F(22), ..., F(zm)-
Then the 2-level estimators estimators [Krumscheid et al., 2020] are

pNm = Z flzi)+ Z F(xi) = F(xi) = fim + pn — Fin»

2 _ ~2
O'NyM—O'M-‘rO'N—UN.
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Two-level MC

Let

— f be the true, expensive model, that we evaluate N times:
f(x1), f(x2), ..., F(xn)-

- fa cheap, biased, surrogate model, that we evaluate N + M times, with
M > N: f(x1), f(x2),....,f(xn), and f(z1), f(22),..., f(zm).

Then the 2-level estimators estimators [Krumscheid et al., 2020] are
1 ¢ 1 ~
pNM = > flz+ N D f(xi) = f(xi) = im + i — Fin
i=1 i=1

U%,’MZE%,,—i-U,zV—E,ZV.

— Estimators are - Iim,\,\/,’_mo un,m = E[f], Iim,\,\/,’_>Oo O'%V’M = Var[f].
— 00 — 00

conditions are satisfied

Var[f — f] < Var[f], (1)

a2 [f +F 7] + ks Var[f + f] Var[f — f] — ¥=2 (Var[f] - Var[F])z < mff] — N=2var?[f].
(2
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Choosing Surrogate Model

How to choose a surrogate model that satisfies convergence conditions,
and can be trained with a small training set N, < d?
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Choosing Surrogate Model

How to choose a surrogate model that satisfies convergence conditions,
and can be trained with a small training set N, < d?

Use a regularised model, e.g. Lasso (sparse linear model):

f(x)=0B-x, with 3 sparse,

by minimising loss function

IS () — B x)

Regularisation term

OLS loss
with A > 0 a chosen regularisation constant.
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Choosing Surrogate Model

How to choose a surrogate model that satisfies convergence conditions,
and can be trained with a small training set N, < d?

Use a regularised model, e.g. Lasso (sparse linear model):

f(x)=p08-x, with 3 sparse,
by minimising loss function

LB = 33 ()~ Box Pt Bl

i=1 . .
! Regularisation term

OLS loss
with A > 0 a chosen regularisation constant.

— Lasso can be trained for small training sets, without overfitting.

— Satisfies the convergence conditions (1, 2), under correct choice of
A and some conditions on f (see paper).
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Choosing Surrogate Model

How to choose a surrogate model that satisfies convergence conditions,
and can be trained with a small training set N, < d?

Use a regularised model, e.g. Lasso (sparse linear model):

f(x)=p08-x, with 3 sparse,
by minimising loss function

LB = 33 ()~ Box Pt Bl

i=1 . .
! Regularisation term

OLS loss
with A > 0 a chosen regularisation constant.

— Lasso can be trained for small training sets, without overfitting.

— Satisfies the convergence conditions (1, 2), under correct choice of
A and some conditions on f (see paper).

l.e. two-level estimators with Lasso
will converge faster or equally than simple MC.
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Lasso Monte Carlo

Two-level MC + Lasso:
1. Gather small set x1, f(x1), x2, f(x2), ..., Xn,, F(xn, ).
2. Train a Lasso model f ~ f.
3. Evaluate f N+ M times, with M > N.
4. Evaluate f N times.
5

; 2
. Compute 2-level estimators iy m, oy
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Lasso Monte Carlo

Two-level MC +

1. Gather small set x1, f(x1), %, f(x2), ... xn,,, f(xn, )

‘ Reuse the same set for training!

. Train a Lasso model f ~ f.

2

3. Evaluate f N+ M times, with > N.
4. Evaluate f N times:
5

; 2
. Compute 2-level estimators iy m, oy
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Lasso Monte Carlo

LMC algorithm:
1. Evaluate f N times: xi, f(x1), x2, f(x2), .., xn, F(xn).
2. Train a Lasso model f ~ f.
3. Evaluate f N + M times, with M > N.

4. Compute 2-level estimators (in,m, Oy

- _ (no extra simulations required).

— Note: see full algorithm in paper.
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LMC Code Example

>>> N = 150; M = 6000
>>> Xs = get_inputs(N)
>>> ys = [my_simulation(x) for x in Xs]
>>> Zs = get_inputs (M)
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>>>
>>>
>>>
>>>

>>>
>>>
>>>
>>>

LMC Code Example

N = 150; M = 6000
Xs = get_inputs(N)
ys = [my_simulation(x) for x in Xs]
Zs = get_inputs (M)

import LassoMonteCarlo as LMC

lmc = LMCQ)

lmc.regressor = Lasso(lambda = 0.02)

lmc.get_estimate (Xtrain = Xs, ytrain = ys, Xtest = Zs)
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LMC Code Example

>>> N = 150; M = 6000
>>> Xs = get_inputs(N)
>>> ys = [my_simulation(x) for x in Xs]
>>> Zs = get_inputs (M)

>>> import LassoMonteCarlo as LMC
>>> 1lmc = LMCQ)

>>> lmc.regressor = Lasso(lambda = 0.02)
>>> lmc.get_estimate (Xtrain = Xs, ytrain = ys, Xtest = Zs)
Output:

Ntr = 150 labelled samples, Ntest = 6000 unlabelled samples
MC estimates: 5234.47 +- 174.65
LMC estimates: 5246.75 +- 192.67
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SNF Characterisation

f:RY®®T 5 R

Nuclear Data + Decay Heat
Plots show increasing N, and fixed M = 6000.

230 = = Best Estimate

— 5.28 220 I
- _ )
z §5210
#1526 =1
8 3 & 200
T or -
© 5041 T >190
@ S 9
a 28
o €8 180
3 5.221 #'s
s 170

5.204 160

0.0 0.2 0.4 0.6 0.8 1.0
N 1e3
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SNF Characterisation

f:RY®®T 5 R

Nuclear Data + Decay Heat

== = Best Estimate
H MC
2Zzz LMC

1le:
230
— 5.28 220
g -
= s5210
© 5.26 Rchw
3 2 ® 200
T )
> e - OT -
3 5.241 T >190
[ © 8
[a) T o
c S0 180
3 5.221 k]
= 170
5.201 160
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SNF Characterisation

f:RY¥®T 5 R

Nuclear Data +— Decay Heat

1072 S 0 ¥ MC
. B LMC
. 3 107!
5§ See. 55 : .
5= 10-3 ° 52 .
5210 Sw Co,
3 G2 ®eq
[= o ®© oy
= > 102
Q1074 T
3
o
8103
10! 102 103 10t 102 103
N N

To obtain a 1% error in estimations, simple MC requires N = 1000

expensive simulations f, while LMC requires N = 200. l.e. 5 times

speedup thanks to LMC.
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FPUT Oscillator

Chain of nonlinear oscillators
él lz

Uy

m

WA A

my f ---

my—1 j\/\/\/-

Unya

my

MM

Consider an uncertainty in the spring constants ki, ko, ..., ky, and
nonlinear term «. What is the uncertainty in Ey;,?

le-1 le-3
6.5 -
== = Best Estimate
. MC
1.1904 uj‘GAO @z LMC
=4
g55
o 1.1854 2
< - 4 B0k .
s s
1.180 S
2as
i
(2]
1.1751 4.0
0 50 100 150 200 250 0 50 100 150 200 250
N N
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FPUT Oscillator

Chain of nonlinear oscillators

4 12 Uy v

Consider an uncertainty in the spring constants ki, ko, ..., ky, and
nonlinear term a. What is the uncertainty in Eg;,?

1024 2 3 mc
° LMC
L]
1 L] g -1 (]
5 . 55 1° .
2 a4 o2 .
25 * ® gee 23 °° .
mg [ J_ L )
9 ]
5% 103 7| 8
2 25 il
uy
1072
10 102 10 102
N N
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Conclusions and Further Work

— LMC converges faster or equally than simple MC.
— Up to b times faster than simple MC for nuclear simulations!

— Given a set of N simulations, LMC can immediately be applied
without extra work.

— The speedup is not constant, it's very dependent on f.

— Theoretical guarantees of faster convergence conditioned on choice
of A (chosen empirically so far).
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Thank you for your attention.

Questions?
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Results

Decay heat prediction at 30 years of cooling:

1072
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Results

Decay heat prediction at 50 years of cooling:

1072

Relative error on
Decay Heat Mean
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Results

U235 concentration at discharge
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Other versions of Lasso regression
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Full LMC Algorithm

Require: the probability distribution of the input of f(x), the training sets {x1,...xn}

and {z1,...zy}

Ensure: N < M

1:
2:

Compute the labels f(x1), ..., f(xp) from the training set.
Compute the simple MC estimates }LN,U%V with the labelled training set, using the
simple MC estimators.

: Do an S-fold split on the training set to obtain S smaller training sets

T1, Ta, ..., Ts of size N% each, and S correction sets Ci, Gy, ..., Cs of size

n:= % each. Each training set T; does not overlap with its corresponding

correction set C;.

4: fors=1...5do

o

Fit a Lasso model f; on training set Ts.
_Use the surrogate model to compute the labels of the surrogate set
fi(z1), &(22), ..., s(zpm), and the Cs correction set

fs (Xn(s—1)+1) ) fs (Xn(s—1)+2) N A (X"S) .
Combine the n labels from the correction set and the M from the surrogate set
to compute the two-level estimators (1, p)s and (o2 ,,)s.

: end for
. Compute the LMC mean and variance, by averaging out the estimations of each
split
1 1
2 2
MN,M = g Z (,U'n,l\/l)s , and zN,M = g Z (Un,M)S .
s=1 s=1
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MLMC Explanation
MLMC combines models of different levels of fidelity.

Let X be a random variable, and fi, f;, ..., fi be models of increasing accuracy, and
increasing computational cost. Then

E[fL.(X)] = E[A(X)] + E[H(X) — A(X)] + E[(X) = £(X)] + ... + E[fi—1(X) — f.(X)]
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MLMC Explanation

MLMC combines models of different levels of fidelity.

Let X be a random variable, and fi, f;, ..., fi be models of increasing accuracy, and
increasing computational cost. Then

E[fL.(X)] = E[A(X)] + E[H(X) — A(X)] + E[(X) = £(X)] + ... + E[fi—1(X) — f.(X)]

Terms computed with

Ne

BIA(X) — i (0] = 3 D_{0%) = froa(x)),
i=1

. Var([fy—fy_1]
will converge as O | ——=——= ).
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MLMC Explanation
MLMC combines models of different levels of fidelity.

Let X be a random variable, and fi, f;, ..., fi be models of increasing accuracy, and
increasing computational cost. Then

E[fL.(X)] = E[A(X)] + E[H(X) — A(X)] + E[(X) = £(X)] + ... + E[fi—1(X) — f.(X)]

Terms computed with
Ne

BIA(X) — i (0] = 3 D_{0%) = froa(x)),
i=1

. Var([fy—fy_1]
will converge as O | ——=——= ).

So if we have

Var(fi) > Var(f, — fi) > Var(fs — f2) > ... > Var(f, — f._1),

we require
Ny >Ny >...> Nj.

Overall computational cost is reduced if Ny are correctly chosen!
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MLMC Explanation
MLMC combines models of different levels of fidelity.

Let X be a random variable, and fi, f;, ..., fi be models of increasing accuracy, and
increasing computational cost. Then

E[fi(X)] = E[A(X)] + E[£(X) — A(X)] + E[(X) — 2(X)] + ... + E[fi—1(X) = f(X)]
Terms computed with
N

BIA(X) — i (0] = 3 D_{0%) = froa(x)),
i=1

. Var([fy—fy_1]
will converge as O | ——=——= ).

So if we have
Var(fi) > Var(f, — fi) > Var(fs — f2) > ... > Var(f, — f._1),

we require
Ny >Ny >...> Nj.

Overall computational cost is reduced if Ny are correctly chosen!
Thanks to more recent papers
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Convergence condition 1:

Does Lasso f satisfy the convergence conditions (1, 2)?
Condition (1) is always satisfied! (as long as A is chosen correctly)

Wit]

v 3] ul
N a ~
v o ul
o o o

Std(f)

Decay heat
w1
o
o
o

at 500 days of cooling [

» H S
N [ ~
% o u
o o o

0.0 05 1.0 15 2.0 25 30 35
Perturbation of FY U35 = I133 [%]

l.e. the two-level estimator piy p with Lasso, is guaranteed to converge
equally or faster than simple MC.
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Convergence condition 2:

Does Lasso f satisfy the convergence conditions (1, 2)?
Condition (2), is unfortunately not guaranteed.

Arnau Alba, R. Boiger, D. Rochman, A. Adelmann (LSM, PSI) LMC for High Dimensional UQ SIAM CSE 23, 27th February 2023 9/13



PAUL SCHERRER INSTITUT

Convergence condition 2:

Does Lasso f satisfy the convergence conditions (1, 2)?
Condition (2), is unfortunately not guaranteed.

However, if f is a noisy linear function
f(x)=a-x+&, withE ~N(0,¢)
then condition (2) is guaranteed! This is true to first order for any f:

f(x 4 0x) = f(xo) + dx - Vf(x0) + O (||6x|[?) .
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Convergence condition 2:

Does Lasso f satisfy the convergence conditions (1, 2)?
Condition (2), is unfortunately not guaranteed.

However, if f is a noisy linear function
f(x)=a-x+&, withE ~N(0,¢)
then condition (2) is guaranteed! This is true to first order for any f:

f(x 4 0x) = f(xo) + dx - Vf(x0) + O (||6x|[?) .

l.e. the two-level estimator 0,2va with Lasso, will often converge faster
than simple MC, and is guaranteed to do so under certain conditions on
f.
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SNF Characterisation

Fixed N = 150 and M = 6000.
fR®®T 5 R
Nuclear Data + Isotopic Content
Predicting different quantities gives different improvements. But LMC is
always equal or better than simple MC.

—.0.08
§0.074
2 0.061
3

5 0.051
0.041
0.031

0.024

Relative absolute error on

estimation of standa

0.01

o
o
)

u23s PU241 cs137 CM244
Isotope

I MC = LMC == Perfect Estimation
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Linear Function
Let f be a linear function with a large input dimension d = 400:

1‘-(X):(1vx7
Witha:(llliii 11 1)

with dim(a) = 400 and with a normally distributed input X ~ N(0, ).

le-1
i == = True value
i . MC
——_ @z LMC
:% ;? EEN Lasso-only
> 1.2
5 i 7 |
: 5. K
©
Q11
©
]

=
=)

BTSN

300
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Linear Function

Let f be a linear function with a large input dimension d = 400:

Relative error on mean

107!

11 1

1

1 1 1)

1
27521072050’ 100’ 100’ ***> 100
with dim(a) = 400 and with a normally distributed input X ~ A(0, ).

i=3
: : :
o S LMC
. S ° * * Lasso-only
e o0 o 2 '3 s
%o © 10-1 L]
%0, ] * .
L] 5 ;‘l,
it
4 @ “b"
* 5
L ) hax, s
I
™ 91072
l 2
=1
©
o
4
10t 102 10t 102
N
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Sobol Function

with ¢ = (1,2,5,10, 20, 50, 100, 200, 500, 500, ..., 500) ,

with d = 400, and X ~ U[0,1]7.
Function is symmetric around x = 0.5, so a Lasso fit model will be flat, i.e.
worst-case scenario, LMC will be equally accurate as simple MC.

_17d  4xi—2|+¢
{ F(x) =TT, 24,

However we can instead fit a modified Lasso model f(x) = 3 - ¢(x), with

(x) = x — 0.5].
2.00 » . . ° o

1.50

) .
! )

RED . .’ e E
1.00 4 * o s ..:.'c. .‘
y X

- » 0

° t 4 " "

050 Seen?y %%, » oo.‘%.oo
o % o
00 os 10 00 05 10
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Sobol Function

[4x; —2|+¢;
1+c; ’

d
f(x) =TI
with ¢ = (1,2, 5, 10, 20, 50, 100, 200, 500, 500, ..., 500) ,

with d = 400, and X ~ U[0, 1]7.
Function is symmetric around x = 0.5, so a Lasso fit model will be flat, i.e.
worst-case scenario, LMC will be equally accurate as simple MC.

However we can instead fit a modified Lasso model f(x) = 3 - ¢(x), with

@(x) = |x — 0.5].
- c
101 2 £
c 3 ]
& ° S
o kel
€ o 51071 .
s 2 2 * °
°
5 * Cogo S e 0,
@ %%, 5 * Lo g0
2102 oo,
H i e e
= o
g o o E oM ety
3 102 F*  LMC with nonlinearity
]
s LMC
-4
10! 102 10! 10?
N N

Any kind of surrogate could be used in LMC, as long as it is strongly regularised.
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Comparison to PCE

Use the Sobol function, with input dimension d = 8 (higher dimensions are too slow
to handle with Chaospy library).

1.100 44
! = = True value EEm PCE order 4
1.075 a2l | = M B LMC with nonlinearity
1.050 c E==1 PCE order 3
o
S
1.025 °
5 a
©
1.000
£ ;
0.975 (‘%
0.950 I
0.925
0.900
[] 5 5
N 2 ¥ MC M PCEorder4
- ]
10 ° s PCE order 3 *  LMC with nonlinearity
5 * 3
g ° ® ¥
c [ ] . 3 | ]
o 1 £10 . "ag
£ « @ e, N
:’) 107 5 * ® o0
> 5 * oo
3 2 * o
ko) o *x
= 2 bl
& 1072
3 = &
10~
10! 102 10! 102
N N
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